We use recently developed efficient versions of the configuration interaction method to perform ab initio calculations of the spectra of superheavy elements seaborgium (Sg, Z = 106), bohrium (Bh, Z = 107), hassium (Hs, Z = 108) and meitnerium (Mt, Z = 109). We calculate energy levels, ionization potentials, isotope shifts and electric dipole transition amplitudes. Comparison with lighter analogs reveals significant differences caused by strong relativistic effects in superheavy elements. Very large spin-orbit interaction distinguishes subshells containing orbitals with a definite total electron angular momentum j. This effect replaces Hund's rule holding for lighter elements.
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I. INTRODUCTION
Theoretical study of electron structure of superheavy elements (SHE, nuclear charge Z > 103) is an important area of research closing the gaps in relevant experimental data. While all SHE up to oganesson (Og, Z = 118) have been synthesized and named [1] [2] [3] , experimental data on their spectra are absent.
The heaviest elements for which experimental spectroscopic data are available are nobelium (No, Z = 102) [4, 5] and lawrencium (Lr, Z = 103) [6] . Ionization potential (IP) has been measured for both atoms and the frequency of the strong 7s
electric dipole transition is measured for No. For heavier SHE the data come only from theory. There are many accurate calculations for atoms with relatively simple electronic structure, which includes atoms and ions with few electrons above closed shells (usually not more that four, see, e.g. Refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ). This constitutes less then a half of the SHE in the range 104 ≤ Z ≤ 118. Most of the SHE have an open 6d or 7p shell with more than four electrons. Till recently, the only available tool to perform calculations for such systems was the multiconfiguration Dirac-Fock method (MCDF, see, e.g. review [18] ). Some of the MCDF results we discuss in section VI. There are some model calculations of the basic parameters of the atoms, such as IP [19] and polarizabilities [20] . Accurate ab initio calculations of the spectra are practically absent. This is an unfortunate situation since from the study of relatively simple SHE we know that strong relativistic effects often bring significant difference in properties of SHE compared to their lighter analogs. Similar effects are expected for all SHE, including those with open shells. To address the problem, we have developed efficient versions of the configuration interaction (CI) approach, which allows study of atoms with any number of valence electrons. This includes the so-called CIPT method (configuration interaction with perturbation theory, [21] ) and its fast version, the FCI method (fast configuration interaction [22] ). Both methods are based on the idea that off-diagonal matrix elements between highly excited states can be neglected in the CI matrix. This allows one to reduce the problem to a much smaller matrix with modified matrix elements. The methods were tested on such open-shell systems as Yb and No (including states with excitations from the 4f and 5f subshells) [21, 22] , Ta [23] , W and I [21] , and superheavy elements Db [23] and Og [24] . Db is the first SHE with an open 6d shell that has been studied using the CIPT method [21, 25] . Its ground-state configuration is [Rn]5f 14 7s 2 5d 3 , i.e. it has five valence electrons above closed shells, which makes it difficult to use other methods. Lighter neighbours of Db, Rf (four valence electrons) and Lr (three valence electrons) were studied with the use of the powerful CI+all-order method [26, 27] . The use of the latter approach for Db is very problematic and is practically impossible for heavier elements. Following the successful use of the CIPT for Db, we apply it in the present work to heavier elements Sg, Bh, Hs and Mt (106 ≤ Z ≤ 109).
In this work we present the low-lying odd and even states of SHE Z = 106-109 including the allowed E1 transition amplitudes and rates from the ground state to odd parity states. We also calculate the ionization potential and isotope shift parameters for these elements.
The paper progresses as follows; in Section II we give a brief overview of the CIPT technique and how we implement it for the SHE. In Section III we discuss the accuracy of the calculations. In Section IV we give a brief discussion on the calculation of E1 transitions and corresponding isotope shift parameters between synthesized and predicted meta-stable SHE. In sections V A, V B, V C and V D we discuss the results of the CIPT on Sg i, Bh i, Hs i and Mt i atoms respectively. For reference we present the low-lying spectrum for Sg i and Bh i in Table III and Hs i and Mt i in Table IV and the  E1 transitions and isotope shift parameters in Table V . In Section VI we present the ionization potentials of the four elements and compare them with other calculations.
II. CIPT METHOD
As mentioned above, an open 6d−shell with more than three valence electrons makes established many-body methods too computationally expensive to be viable. This computational cost is reduced using a combination of configuration interaction (CI) and perturbation theory (PT) which was first introduced in [21] and used in [23, 24] for calculating the spectra of SHE Db (Z = 105) and Og (Z = 118). In this work we give a brief outline of the CIPT method and its implementation for the elements we calculate. For an in-depth discussion please refer to [21] . A fast version of this method has beed developed in [22] .
To generate the single-electron wavefunctions for all the elements, we use the V Ne−1 approximation (where N e is the total number of electrons) [28, 29] where the Hartree-Fock calculations are performed for the singlycharged open-shell atom with a 6d n 7s configuration, where n = 4, 5, 6 and 7 for Sg, Bh, Hs and Mt respectively. The single-electron basis states are calculated in the field of the frozen atomic core. The basis sets are generated using a B-spline technique [30] with 40 B-spline states in each partial wave of order 9 in a box with radius 40 a B (where a B is the Bohr radius) with partial waves up to l max = 4 (where l is orbital angular momentum) and the many-electron basis states |i = Φ i (r 1 , . . . , r Ne ) (where r j is the radial position of the jth electron) for the CI calculations are formed by making all possible single and double excitations from reference low-lying nonrelativistic configurations of the atom. This set of manybody electron wavefunctions is ordered from lowest to highest energy and divided into two sets,
• P : A small set of low energy wavefunctions (i ≤ N Eff , where N Eff is the number of wavefunctions in the low energy set) that give dominant contributions to the CI wavefunction.
• Q: A large set of high energy wavefunctions (N Eff < i ≤ N total ) that are corrections to the wavefunctions from P .
The CI wavefunction is written as an expansion over single-determinant many-electron states |i from these two sets,
where c i are coefficients of expansion. The CI Hamiltonian is truncated by neglecting the off-diagonal matrix elements of the CI Hamiltonian between terms in Q ( i|H CI |j = 0 for |i , |j ∈ Q), which reduces the problem of finding the wave function and corresponding energy to a matrix eigenvalue problem of the size P with modified CI matrix
where I is unit matrix, the vector X = {c 1 , . . . , c N eff } and the low energy matrix elements of H CI are modified to include perturbative contributions between states in P and Q.
where |i , |j ∈ P , |k ∈ Q, E k = k|H CI |k , and E is the energy of the state of interest.
Both the Breit interaction (magnetic interaction and retardation) [31, 32] and quantum electrodynamic (QED) radiative corrections (Ueling potential and electric and magnetic form factors) [33] are included in the calculations as described in our earlier works (see, e.g. [16] ). As both the Breit and QED radiative corrections scale with atomic charge, Z faster than the first power [16] , their contribution to the energy levels of SHE is non-negligible. It was shown in [23] that the magnitude of the combined correction to the energy levels of Db is at most 200 cm −1 . A similar correction is expected for the SHE in this work.
For each level we calculate the Landé g-factor and compare it to the non-relativistic expression,
Where possible, for each level we use g NR to find an analogous state in the lighter element to obtain an approximate label in the LS coupling scheme. In fact, LS notations do not make sense for the highly relativistic SHE states due to very large spin-orbit interaction (so the eigenvectors will look strongly mixed in LS notation), we only use LS notations for comparison with lighter elements. Otherwise, we label the nth sequential state of total angular momentum J and parity by n parity J .
III. ESTIMATION OF THE ACCURACY
Theoretical uncertainty is dominated by incomplete treatment of inter-electron correlations. These correlations can be further separated into core-valence and valence-valence correlations. We will discuss each of these separately. For the SHE calculations, the core includes all states in closed shells from 1s to 5f containing one hundred electrons occupying one hundred states. All other states, including states of the 6d and 7s shells are treated as valence states. Only valence states are used in calculation of the CI matrix. This means that we neglect core-valence correlations. To estimate the corresponding uncertainties, we perform calculations of the energy levels of gold and roentgenium (Rg, Z=111). Both these elements have one external electron above a closed 5d or 6d shell. We perform the calculations using the correlation potential method [34, 35] . In this method, core-valence correlation corrections are obtained using the electron self-energy operator (correlation potential) Σ 1 calculated by summation of the diagrams in the many-body perturbation theory. The operator Σ is defined by the correlation correction to the energy of the valence electron on the orbital n, δE n = n|Σ|n . For the Au and Rg calculations, the upper complete d-shell (5d or 6d) is attributed to the core, and the correlation interaction of the external electron with the core is described by a correlation potential Σ.
Calculation of Σ involves a summation over all core states from 1s to 5d for Au or 6d for Rg. This summation is strongly dominated by the upper d-shell. E.g., the 5d shell gives about 90% of the correlation correction to the energies of the 6s and 6p valence states of Au, and more than 80% of the correlation correction to the energies of the 7s and 7p valence states of Rg (see Table I ). This is because of the small energy interval between the energies of the 5d (or 6d) state and the energies of lowest valence states. Since correlation correction to the energy of the s and p valence states is about 20%, the effect of neglecting inner-core contributions to the core-valence correlations is about 1 to 2% of the energy of valence states.
It is interesting to note that in the second order of many-body perturbation theory, the correlation potentialΣ always overestimates the value of the correlation correction. This is because it does not include the effect of screening of inter-electron interaction by other atomic electrons. This effect appears in higher orders of perturbation theory. Its proper inclusion leads to very accurate results (see, e.g. [34, 38] ).
Since in the present work we do not go beyond the second order, we have the fortunate situation where neglecting inner-core contributions to Σ has a similar affect on its value as the screening would do. In other words, the effect of neglecting the higher-order perturbative contributions on the calculated energies partially compensates the effect of neglecting screening of interelectron interactions. The data in Table I show that this is the case at least for the 6s state of Au (and probably for the 7s state of Rg) where the correlation correction is the largest in value. Therefore, it is reasonable to assume that the theoretical uncertainty is dominated by valence-valence correlations. The main source for it is the perturbative treatment of the excited configurations. The best way of estimating the uncertainty is to compare the theoretical and experimental energies for lighter elements. We did this in detail for W [21] , which is the lighter analog of Sg, and for pairs Ta and Db [23] , and Rn and Og [39] . As follows from this comparison and from the analysis in Sections V A, V B, the theoretical uncertainty for the energies is on the level of ∼ 1000 cm −1 , sometimes a little higher (e.g. ∼ 2000 cm −1 for odd states of Bh). The uncertainty for ionization potentials is on the level of a few percent (see section VI).
IV. ELECTRIC DIPOLE TRANSITIONS AND ISOTOPE SHIFTS
In the spectroscopic measurements, the frequencies of strong electric dipole (E1) optical transitions (ω < 40000 cm −1 ) are likely to be measured first as it has been done for the [4] . Broad spectrum scans for strong lines are unfeasible and therefore a priori estimates of both a transition frequency and its strength from theoretical calculations will aid the experiments on SHE. Calculation of frequencies will be considered in section V. In this work we also calculate the E1 transition amplitudes and rates for the major optical transitions between the ground state and the lowest states of opposite parity (odd states) for each of the four SHE of interest. To calculate the E1 transition amplitude D E1 between two states |a and |b , we use a self-consistent randomphase approximation (RPA) to simulate the atom in an external electromagnetic field. This results in an effective dipole field for the electrons that includes direct and exchange core polarization. An in-depth discussion of this method can be found in Ref. [40, 41] . The results in the RPA approximation are gauge-invariant [40] . However, when you calculate correlation corrections beyond RPA, the length form of the E1 operator usually gives better results for low-frequency transitions. Indeed, the calculation of the correlation corrections can be made explicitly gauge-invariant in the case of one electron above closed shells [35, 42] . However, in the velocity form some correlation corrections are proportional to 1/ω and become very large for small frequencies ω [35, 42] . This is the reason why we prefer to perform all calculations using the length form of the E1 operator.
Note that comparison of results in different gauges is not always a good test of accuracy. For example, in the RPA approximation and in the correlation potential approach described in Ref. [35, 42] , velocity and length forms give exactly the same results though the error is still finite. Therefore, to estimate the accuracy of the calculations we use comparison with available experimental data (see Table II ).
The E1 transition rates, A E1 , are calculated using (in atomic units),
2J + 1 (5) where J is the angular momentum of the upper state, α is the fine structure constant and ω is the frequency of the transitions in atomic units. All calculated amplitudes, D E1 , obey the selection rules for E1 transitions. The accuracy of these calculations cannot be tested directly due to the lack of experimental data on SHE and therefore we must rely on comparisons in lighter elements. Using the above method we calculated the E1 transition amplitudes and transition rates for the lighter analogs and compared them to available experimental data in Table II . The accuracy for the E1 amplitudes is ∼ 50% which is sufficient to identify the strongest transitions. The calculated rates are ab initio using the amplitudes and energies calculated in the CIPT method. Along with the excitation spectrum and E1 transitions we also calculate the isotope shift (IS) for each transition.
The IS is the difference in the transition frequency between two different isotopes. The IS is important for at least two reasons. First, it can be used to find the difference in nuclear radius between two isotopes. Second, it can be used to predict the spectra of heavier, meta-stable neutron rich isotopes from the spectra of short-lived, neutron deficient isotopes created and measured in the laboratory. These predictions can be compared to astronomical data [48] [49] [50] [51] and could lead to the discovery of isotopes in the "island of stability" where it is expected that meta-stable, neutron-rich isotopes are created in cosmological events [52] [53] [54] [55] . The IS of SHE is strongly dominated by the volume shift (also known as "field shift" in literature [56] ), while the mass shift is negligible. Using CIPT, we calculate the excitation spectrum of the each isotope by varying the nuclear radius in the HF procedure described in the previous section. In the zero approximation only s 1/2 and p 1/2 electron waves penetrate the nucleus and for these the dependence of IS on the nuclear radius R N is R 2γ N where γ = 1 − (Zα) 2 -see details in Ref. [57] . Higher waves undergo isotopic shifts due to change of the s 1/2 and p 1/2 wave functions and corresponding changes in the atomic Hartree-Fock potential -the core relaxation effect. Therefore, the dependence of the field IS on the nuclear radius in any atomic transition in multi-electron atoms is always R 2γ N . Using the large-scale trend for nuclear radii R N ∝ A 1/3 the isotopic volume shift can be also approximated by δν ∝ A 2γ/3 [48, 57] as nuclear shell fluctuations are suppressed [58] . The first form of the IS we present is given by
where A 1 and A 2 are atomic numbers for two isotopes (A 2 > A 1 ), E 1 and E 2 are the excitation energy for A 1 and A 2 respectively and a is a parameter which should be calculated for each transition. This form of the IS is convenient for non-neighbouring isotopes and predicting the spectra of meta-stable isotopes because there is a significant difference in the values of A for isotopes synthesized in laboratory and hypothetical meta-stable isotopes (∆A ∼ 10). The R N ∝ A 1/3 trend is based on the constant nuclear density approximation due to finite range nuclear interactions. Variation of the nuclear shape and charge density may lead to significant deviations. Specific theoretical information about expected density distributions in SHE is presented in [59] .
A more common form of isotope shift is the standard formula relating the change of atomic frequency to the change of nuclear charge radius
where the square of the nuclear charge radius is calculated using the Fermi distribution for the nuclear density. This formula (neglecting the mass shift) is convenient for extraction of the nuclear charge radius change from isotope shift measurements of nearby isotopes. Lastly, we introduce a new form of the IS which should be valid for all isotopes. Using the RMS (root mean squared) nuclear radius, R rms = r 2 , and δν ∝ δR 2γ rms [57] we can write the equation,
whereF is an IS parameter to be calculated for each transition.
V. CALCULATION OF ENERGY LEVELS, E1 TRANSITION RATES AND ISOTOPE SHIFT
Energy levels of SHE are calculated by solving the matrix eigenvalue problem (2) separately for states of given value of the total angular momentum J and parity. The 2 or 7s 2 in the electronic configuration for the lighter elements and SHE respectively. The dashed (red) lines are all other states where an s electron has been excited from the filled 6s or 7s shell. Experimental energies were used for W i, Bh i, Hs i and Ir i. [37] specific details for each considered SHE are presented below. Most previous theoretical works on these SHE present the calculation of the first ionization potential, which we discuss in Section VI. Fig. 1 compares calculated spectra of low-lying states of SHE with experimental data on their lighter analogs. One can see a significant difference in the spectra of SHE and their lighter analogs, which is common for all considered atoms. Almost all low-lying odd states of lighter atoms correspond to the 6s − 6p excitation from the ground state. In contrast to that, in SHE the 7s state is significantly lower on the energy scale than the 6d state due to relativistic effects. Therefore, dominant excitations occur from the 6d state, i.e. low-lying odd states correspond to the 6d − 7p excitations from the ground state. Since the 6d − 7p energy interval is smaller than the 6s − 6p one, the density of odd states is higher for the SHE.
A. The Seaborgium Atom
Seaborgium was first experimentally detected in 1974 [60] . Since the initial discovery there has been continued interest and study into its physical and chemical properties including the discovery of isotopes with longer lifetimes. There exist some experimental results for Sg i in the field of chemistry [61] 6 to make states in the effective CI matrix (first terms in the expansion (1) and in the CI effective Hamiltonian (3)). All other states, which are treated as corrections to the states from reference configurations (second terms in the expansion (1) and in the CI Hamiltonian (3)) are obtained by exciting one or two electrons from the reference configurations. Similarly, for odd parity states we use the reference states from the 6d 4 7s7p, 6d 3 7s 2 7p and 6d 5 7p configurations. All calculated even and odd energy levels are presented in Table III . Similar calculations were performed for W i using analogous reference states and the same parameters. Comparing these results to the experimental spectrum [37] we found a maximum discrepancy of |∆| ≈ 600 cm −1 and expect a similar accuracy for our Sg i calculations. Note that this accuracy is slightly better than what was reported in Ref. [21] due to inclusion of a larger number of states into the effective CI matrix.
Comparing the spectrum of Sg i in Table III to the spectrum of W I [37], we can see the manifestation of relativistic effects. As discussed above, relativistic effects cause the 7s orbital in Sg i to be strongly contracted and more tightly bound in comparison to the 6s orbital in W I. The same effects also push out the 6d orbital of Sg i in comparison to the 5d orbital in W i. In the W i spectrum there are low-lying states corresponding to the 6s → 5d excitation from the ground state (e.g., the 5d 5 6s 7 S 3 state at 2 951.29 cm −1 ). In contrast, in the Sg i spectrum, all low-lying even states belong to the 6d 4 7s 2 configuration. The relativistic effects are more apparent in the low-lying odd parity states of Sg i. In W i all odd states correspond to the 6s → 6p excitation from the ground state, while in Sg i most of the low-lying odd states correspond to the 6d → 7p excitation. Only a few of the Sg i predicted in the optical region correspond to the 7s → 7p excitation.
We calculate rates of electric dipole transitions from the ground state to excited states of the opposite parity using the approach described in Section IV. The results are presented in Table V . There are not many such transitions due to the zero value of the total angular momentum J in the ground state. Because of that, the transitions are only allowed to the odd states with J = 1. A few transitions are good candidates for the detection. The transition with the highest transition rate is
(ω = 40 073 cm −1 ). We also present the isotopic shift parameters, F and a from equations (6) and (7), in Table V 
290 Sg is the theoretically metastable (N = 184) isotope of Sg.
B. The Bohrium Atom
Bohrium was first discovered in 1981 [62] . No atomic spectra have been measured or calculated for any Bh isotopes or ions. When calculating the energy spectrum of Bh i, we use a similar approach as with Sg i. For the low-lying even parity spectrum we use an effective CI matrix build from the states of the 6d 5 7s 2 , 6d 6 7s and 6d
7 reference configurations. For the odd parity spectrum we use the states from the 6d 5 7s7p, 6d 4 7s 2 7p and 7d 6 7p reference configurations. The lowest six even parity states and low-lying odd parity states are presented in Table III . For an estimate of accuracy we calculated the low-lying spectrum of Re i (the lighter analogue of Bh) with similar parameters. Comparing the CIPT calculated spectrum to the experimental spectrum [37] , the energy discrepancy (with respect to the ground state) was ∆ ≈ 900 cm −1 for the even parity states, while for the odd parity states ∆ ≈ 2000 cm −1 .
The calculated Bh i ground state is 6d 5 7s 2 6 S 5/2 . As with Sg i, we see the relativistic effect of the tightly bound 7s electron which results in the primary excitation of the 6d electron. Comparing the spectrum of Bh i with that of Re I in Fig. 1 we see that there are several low-lying states in Re I corresponding to 6s → 5d excitations (the lowest is at 11754.52 cm −1 ), while there are no similar low-lying states in Bh i. The density of low-energy odd-parity states is much larger in Bh i than in Re i. The Bh i low odd-parity states are completely dominated by the 6d → 7p excitations in calculated spectrum and and there are no 7s → 7p excitations. The odd-parity state comparison between Bh i and Re I is similar to that of Sg i and W i in Section V A. In the spectrum of Re i [37] there do exist states corresponding to 5d → 6p transitions from the ground state; however, they occur much higher in the spectrum compared to Bh i where the 6d → 7p excitations dominate. It should be noted that the number of low-lying odd-parity states is larger in Bh i than in Re i. The lowest odd state of Bh i occurs at 12792 cm −1 , whereas in Re i the lowest odd state is at 18950 cm −1 .
Bh i has a large number of allowed low-energy optical E1 transitions from the ground state, which are presented in Table V . The isotope shift parameters, a and F , are calculated using formulas (6) and (7) after calculating the atomic spectra for the theoretically metastable isotope of 270 Bh using the CIPT method. We use the values of RMS nuclear radii R rms,270 = 5.8879 fm for 291 Bh and R rms,291 = 6.0207 fm for 291 Bh.
C. The Hassium atom
Hassnium (Z = 108) was first synthesized in 1984 [63] . We present the low-lying levels and the first ionization energy of Hs i in Table IV 
D. The Meitnerium Atom
Meitnerium (Z = 109) was first synthesized in 1982 [64] . The ground state of Mt i is expected to follow that of the element in the above period (Ir) with [Rn]5f 14 6d 7 7s 2 4 F 9/2 which we confirm in the calculated spectrum presented in Table IV. We use the same method as for previous elements to calculate the low-lying spectrum of Mt i. We present the lowest six even states using the 6d 7 7s 2 , 6d 8 , 7s and 6d 9 reference configurations. We also present the first 12 odd parity states for which the 6d 7 7s7p, 6d 6 7s 2 7p and 6d 8 7p configurations were used. The results are in Table IV . Comparison with lighter analog Ir i shows similar trend as for other SHE Sg, Bh and Hs.
We also present the allowed E1 transitions for Mt and the respective isotope shift parameters in Table V As well as calculating the spectrum of neutral Sg, Bh, Hs and Mt we also calculated their first ionization potentials (IPs). To calculate the IP for each atom we use the same single-electron basis set for a neutral atom and an ion. The ionization potential is found as a difference between ground state energies of the atom and its ion. The effective CI matrix was built from all states of the 6d n 7s, 6d n−1 7s 2 and 6d n+1 reference configurations (n = 4−7 for Sg through to Mt). States that were treated perturbatively were obtained by exciting one or two electrons from the reference configurations and generating all single-determinant states from these configurations. We start from calculating the IPs of lighter analogs of the SHE to compare them with experiment. The results are in Table VI . We also include in the table the results of the multi-configuration Dirac-Fock (MCDF) calculation [65, 66] . We do this because similar MCDF calculations have been used for the SHE (see Tables VII and  VIII) . The CIPT values of the IPs agree with experiment within few percent (error <1% for Ta, W, and Re, and ∼ 3% for Os and Ir). We expect similar accuracy for the first IPs of SHE analogs presented in Table VIII . For comparison, the difference between MCDF values of IPs of W, Re and Os and experimental IPs is larger than 10% (Table VI) . Table VII shows some resonance (corresponding to strong electric dipole transitions from the ground state) excitation energies for SHE and their lighter analogs calculated in the present work and by the MCDF method [65, 66] . The energies for lighter elements are compared to experiment. Our values are taken from Tables III and IV; for the MCDF energies we present all results which can be found in [65, 66] . There is a significant difference in the excitation energies of SHE, while for lighter atoms the difference is not so large. There is a ∼ 10% difference from experiment in both calculations. There are too little data on the MCDF calculations to come to any conclusion about the reasons for the differences. Finally, Table VIII shows IPs of SHE and their ions. We included the result of our previous work on Db [23] together with the relativistic Hartree-Fock (RHF) calculations which include semi empirical core-polarisation correction [20] and the MCDF results [65, 66] . There are two sets of MCDF results. One, in the column marked as MCDF, is what directly comes from the MCDF calculations. We also presented prediction of MCDF IPs corrected by extrapolation of the difference with experiment from lighter atoms (marked as "Extrap."). As one can see from Table VI the MCDF method tends to underestimate IPs by about 10%. Therefore, multiplying the calculated IPs by a factor ∼ 1.1 extrapolated from lighter elements leads to better prediction of the IPs for SHE. Indeed, the extrapolated values are in better agreement with our CIPT calculations. Note however that the extrapolation assumes similarities between involved elements. In fact, they are significantly different. Ionization of lighter elements goes via removal of the s electron (6s electron for W, Re and Os). In contrast, ionization of SHE goes via removal of the 6d electron. RHF calculations (see Ref. [20] and Table VIII) used a different type of extrapolation. Instead of extrapolating a final number, a term in the Hamiltonian was extrapolated. A term, simulating the effect of core polarisation, was added to the RHF Hamiltonian in Ref. [20] . Its strength was chosen to fit IPs of lighter atoms. Then the same term was used for SHE.
Studying IPs of SHE with open 6d-shell shows a significant difference in trends compared to their lighter analogs. These differences are convenient to discuss by looking at the diagram in Fig. 2 First, we note that the change of IPs from Ta to Ir is smooth and almost monotonic, apart from a small local minimum at Re atom. It shows increasing of IP towards the fully filled 5d shell. The ionization occurs via removal of a 6s electron. The 6s orbital is not very sensitive to the details of energy structure of other shells, which explains the smooth behaviour of the IP trend.
In contrast, ionization of the SHE occurs via removal of a 6d electron. Strong relativistic effects manifest themselves in the trend of the IP change. A local maximum of the IP occurs for Sg atom that has four 6d electrons in the fully occupied 6d 4 3/2 subshell. Removing an electron from a closed shell is difficult, therefore there is a local maximum. The next atom, Bh, has one more 6d electron, which has to occupy the 6d 5/2 state. Due to large relativistic effects in SHE, there is a large fine structure interval between the 6d 3/2 and 6d 5/2 states and therefore a significantly smaller IP for Bh (see Fig. 2 and Table VIII). A similar effect is known for an open p shell where it is more pronounced. E.g., the IP of Bi, which has three 6p electrons, is smaller than for Pb, which has two 6p electrons corresponding to the closed 6p 2 1/2 subshell. The effect is much more pronounced for SHE with an open 7p shell [16] . The IP of Mc (Z=115), which has three 7p electrons, is about 1.5 times smaller than the IP of Fl (Z=114), which has two 7p electrons.
To see whether a similar effect can be found in lighter atoms, we studied IPs of doubly ionized ions with an open d-shell (from 3d to 5d). The ions were chosen because they do not have external s-electrons, and further ionization goes via removal of a d-electron. The results are shown in Fig. 2 . Most IP values are taken from the NIST database [37] . However, NIST data for ions from Ta III to Ir III have poor accuracy. Therefore, we recalculated the IPs using the CIPT method. IPs of these ions show a different trend compared to the SHE. The maximum binding energy and hence the maximum IP is for a half filled d-shell in agreement with the non-relativistic Hund rule, which states that the maximum energy corresponds to the maximum possible value of the total spin. This holds even for the heaviest of the three groups of ions. Thus, the SHE elements with the open 6d shell represents the only known example of a strong manifestation of relativistic effects, making the energy difference between the 6d 3/2 and 6d 5/2 states more important than Hund's rule.
A similar manifestation of relativistic effects can be found in the trends of further ionization of the SHE ions (see Table VIII ). In many cases (e.g., the Bh and Hs ions) ionization from the 6d shell stops as soon as the fully filled 6d 
VII. CONCLUSION
Calculation of atomic spectra and optical E1 transitions for the elements in the superheavy region with open d-shells is novel. In spite of the extreme computational cost of existing methods, using perturbation theory we can calculate the low-lying energy states and relevant E1 transitions with a modest computational cost and with a small loss in accuracy [21] . In this work we presented the low-lying energy states for Sg i, Bh i, Hs i and Mt i including the optical transitions between the ground state and states of the opposite parity and their ionization potentials. For all SHEs we observed the relativistic effects, which contract the spectrum compared to their lighter analogs. This is advantageous as it results in a large number of states in the allowed E1 optical region and therefore enhances the likelihood of future measurements. These calculations will help to facilitate future experimental measurements of atomic spectra of these elements. We also presented the relevant isotopic field shift for optical E1 transitions for all four considered SHE. This may help the interpretation of future measurements and contribute to our understanding of the nuclear properties of elements in the superheavy region and potentially identify the existence of meta-stable superheavy isotopes in astronomical spectra. Table V . Strong electric dipole transitions and isotopic shift parameters for Sg i, Bh i, Hs i and Mt i. Only direct optical transitions to the ground state satisfying the E1 transition selection rules are shown. Here DE1 is the transition amplitude in a.u., AE1 is the transition rate, a, F , andF are calculated isotopic shift parameters for the charge radius discussed in Section IV. The numbers in parentheses correspond to the numbered states in Tables III and IV for 
